
By relaxing the constraints on boosting 
variational inference algorithms, we are able to 
develop a new black box variational inference 
algorithm which also enjoys convergence 
guarantees. 

✔ Relaxed assumption for convergence 
✔ Black box boosting subroutine 
✔ Stopping conditions 

Optimizing the RELBO
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Boosting Subroutine

f(x)

f

x
conv(A)

z

[3]

Dealing with the Infinity Norm

Lemma: A density with bounded infinity norm has
entropy bounded from below. The converse is true for
many of the distributions which are commonly used in
VI (for example Gaussian, Cauchy and Laplace).

Equivalent KL Minimization 
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Frank-Wolfe algorithm variants. We start with the con-
vergence result for Algorithm 3, which targets optimization
problems of the form (2). Let x?

2 argminx2conv(A) f(x)
be an optimal solution of (2).

Theorem 1. Let A ⇢ H be a bounded set and

let f : H!R be L-smooth w.r.t. a given norm k.k,

over conv(A). Then, the Frank-Wolfe method (Algorithm 2),

as well as Norm-Corrective Frank-Wolfe (Algorithm 3), con-

verge for t � 0 as

f(xt)� f(x?) 
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where "0 := f(x0)� f(x?) is the initial error in objective,

and � 2 (0, 1] is the accuracy parameter of the employed

approximate LMO (Equation (5)).

Matching pursuit algorithm variants. We now move
on to Algorithm 4 which solves optimization problems
over a linear span, as given in (4). We again write x?

2

argminx2lin(A) f(x) for an optimal solution. Our rates will
crucially depend on a (possibly loose) upper bound on the
atomic norm of the solution and iterates: Let ⇢ > 0 s.t.

⇢ � max {kx?
kA, kx0kA . . . , kxT kA} . (7)

If the optimum is not unique, we consider x? to be one
of largest atomic norm. We now present the convergence
results for the Matching Pursuit algorithm variants.

Theorem 2. Let A ⇢ H be a bounded and symmetric set,

and let f : H!R be L-smooth w.r.t. a given norm k.k,

over ⇢ conv(A) with ⇢ < 1. Then, Norm-Corrective

Matching Pursuit (Algorithm 4), converges for t � 0 as

f(xt)� f(x?) 
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where "0 := f(x0)� f(x?) is the initial error in objective,

and � 2 (0, 1] is the relative accuracy of the employed

approximate LMO (6).

The proof of Theorem 2 extends the FW convergence anal-
ysis from conv(A) to lin(A) by rescaling conv(A) so that
it includes x? and xt for all t  T , the reason for which
the rate in Theorem 2 depends on the upper bound ⇢ on
the atomic norm of x? and xt, t  T . The relationship
between Norm-Corrective FW and Norm-Corrective GMP
is systematically studied in Section 7.

Using well-known results from convex optimization, we can
particularize Theorem 2 for f(x) := 1

2ky�xk2 and obtain
iterate-independent constants (i.e., constants independent
of ⇢) as follows.

Definition 3. The effective inradius of a convex set A, de-

noted by inr(A), is the radius of the largest d-dimensional

Euclidean ball which can be inscribed in A, where d is the

dimension of the subspace spanned by lin(A).

Corollary 4. Let A 2 Rd
be a finite symmetric set of atoms,

or the convex hull of a finite set of atoms, and let ⇢̃ �

max {kx?
k, kx0k, . . . , kxT k}, ⇢̃ < 1. Then, under the

conditions of Theorem 2, Algorithm 4 converges both with

f(xt) � f(x?) 
2⇢̃2 diamk.k(A)2

�2 inr(conv(A))2(t+2) . If further f(x) :=
1
2ky � xk2, then ⇢̃ can be replaced by kyk.

The effective inradius inr(conv(A)) generally depends on
the ambient space dimension d. For example, the effective
inradius of the L1-ball scales as O(

p
d). Hence, if A is the

L1-ball, Corollary 4 tells us that we need to take T at least
on the order of d to obtain an O(1) error f(xt)� f(x?).

5 Linear Convergence Rates
It is possible to obtain faster convergence rates for some
classes of objective functions, still over arbitrary dictionar-
ies. In this section, we present linear convergence rates for
our generalized matching pursuit, Algorithm 4. While
linear rates have recently been demonstrated for Frank-
Wolfe algorithm variants for strongly convex objectives
by (Lacoste-Julien & Jaggi, 2015), we are not aware of
any existing explicit linear convergence rates for matching
pursuit algorithms (see Section 8 for a discussion).

We begin our analysis by proposing a new geometric com-
plexity measure of the atom set which we call the minimal

intrinsic directional width. It builds upon the classic geo-
metric width as follows:

Definition 5. The directional width of a set A as a function

of a given non-zero vector d is defined as

WA(d) := max
z2A

h
d

kdk , zi.

In general, the directional width can be zero depending on
the choice of d. Building upon the the concept of directional
width, we are ready to define our main complexity constant,
which will be crucial to our linear convergence guarantees.

Definition 6. Given a bounded set A, we define its minimal
intrinsic directional width as

mDW(A) := min
d2lin(A)

d 6=0

WA(d) .

A crucial aspect of the preceding definition is that only
directions in lin(A) are allowed, hence the name intrinsic.
If the minimum was not over d 2 lin(A), the width would
be zero whenever A does not span the ambient space.

Properties. Note that mDW(A) > 0 implies that the
origin is in the relative interior of conv(A) and hence the
atomic is well defined 8x 2 lin(A) (which ensures that
⇢ < 1). Furthermore, note how for a fixed sequence of
iterates and x? the value of ⇢ is a monotone decreasing
function of the mDW(A). Moreover, any symmetric set
satisfies the property mDW(A) > 0. For example, the L1

hrf(qt), s̃t � qti  �min
s2A

hrf(qt), s� qti

s̃t

st�rf(qt)

qt

st � qt

h�rf(qt), s̃t � qti

h�rf(qt), st � qti

Linear Minimization Oracle:

: We are hiring!

Solving the LMO the naive way:
✤ Naive degenerate solution 

✔ Need to constrain infinity norm 

Curvature
Theorem:

Cf,A := sup
s2A, q2conv(A)

�2[0,1]
y=q+�(s�q)

2

�2
DKL(ykq)

is bounded for the KL divergence if the parameter
space of the densities in A is bounded.

The Entropy Constraint
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RELBO
RELBO(s,�) := Es[log p]� �Es[log s]� Es[log q

t].

✔ New iterate close to the posterior 
✔ New iterate far from the old iterate 
✔ New iterate has high entropy 

Duality Gap
g(q) := max

s2conv(A)
hq � s, log

q

p
i � DKL(qkp)�DKL(q?kp)

✔ An exact oracle gives a bound on the 
error for free 

✤ We cannot compute the exact oracle 
✔ Can use it to monitor the training  

Failure Modes
✤ Line search is tricky in high dimension 
✤ Symmetric posterior 
✤ Fitting the tails 

✤ If one component is already good  
✔ Duality gap helps 

Proof of Concept

Bayesian Logistic Regression

• http://github.com/ratschlab/boosting-bbvi 

Boosting VI
Variational inference

min
q2Q

DKL(qkpx)

Limitation
✤ Selection of an appropriate Q to trade 

expressivity with tractability 

Properties
✔ Convex objective 
✔ Convex constraint set 
✔ Bounded Curvature 
✔ Provable rate:  "t 
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Affine Invariant Frank-Wolfe
1: init q0 2 conv(Q), and S := {q0}
2: for t = 0 . . . T
3: Find st := (Approx-)LMOQ(rD(qt))
4: Variant 0: � = 2

t+2

5: Variant 1: � = argmin�2[0,1] D((1� �)qt + �st)

6: qt+1 := (1� �)qt + �st

7: Variant 2: S = S [ st

8: qt+1 = argminq2S D(q)
9: end for
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Boosting Variational Inference

min
q2conv(Q)

DKL(q||px)
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Train LL Test AUROC

Boosting BBVI (Laplace) -0.195 ± 0.007 0.844 ± 0.006
BBVI Edward (Laplace) -0.200 ± 0.032 0.838 ± 0.016
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Train LL Test AUROC

Boosting BBVI (Laplace) -.677 ± 0.002 0.794 ± 0.005
BBVI Edward (Laplace) -0.681 ± 0.003 0.781 ± 0.012

BBVI Edward (Gaussian) -0.671 ± 0.002 0.790 ± 0.009

Line Search Boosting VI -2.808 0.6377

Fixed Step Boosting VI -3.045 0.6193

Norm Corrective Boosting VI -2.725 0.6440
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Probabilistic Matrix Factorization

w ⇠ N (0, 1)

y ⇠ Bernoulli(logit�1(w>X))
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BBVI MSE Boosting BBVI MSE

D=3 0.0184 ± 0.001 0.0139 ± 0.44e-04
D=5 0.0187 ± 0.001 0.0137 ± 0.53e-04
D=10 0.0188 ± 0.001 0.0135 ± 0.52e-04

BBVI Test LL Boosting BBVI Test LL
D=3 -0.9363 ± 0.6e-3 -0.9354 ± 0.3e-3
D=5 -0.9391 ± 0.6e-3 -0.9393 ± .4e-3
D=10 -0.9468 ± 0.3e-3 -0.9492 ± .001
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U, V ⇠ N (0, 1); X ⇠ N (UV >,�)
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